It is shown that well-known expressions for the dominant contributions to the energy-momentum expectation value near curved reflecting boundaries lead to net vacuum forces on isolated bodies, also in the case of imperfect reflectivity. This result raises several questions concerning the usual description of vacuum effects.
Introduction
The Casimir effect [1] is one of the most striking effects in physics. It implies that no electromagnetic vacuum state associated to multiple, separated, neutral conducting bodies in Minkowski space is stable. Although it does not seem to violate established physical principles, twenty years ago related vacuum effects associated to accelerating mirrors were found to apparently violate the second law of thermodynamics [2] ; the positive and negative energy fluxes produced could seemingly be used to transport energy from a cold to a hot body without energy cost. This prompted a renewed investigation of the correct description of reflectors in the context of quantum field theory. In [3] it was argued that hot bodies would not actually absorb the negative energy fluxes. More recently, other solutions treating the mirror as a massive quantum field [4] or a first-quantized particle [5] have been proposed.
Here we present another counter-intuitive feature in the interaction between the electromagnetic field and bulk reflectors. It is commonly believed that isolated objects cannot be subject to net vacuum forces. This is because the total vacuum energy is usually considered to be a potential from which vacuum forces can be derived (see [6] and the examples and references therein), and in the case of isolated reflectors it is independent of position. Surprisingly, a simple calculation shows that well-known explicit expressions for the energy-momentum expectation value due to the curvature of a perfectly conducting boundary [7, 8] nevertheless lead to net forces. This force will be infinite, as a consequence of the fact that the vacuum pressures diverge as the boundary is approached. Indeed, the aim of [7] was precisely to show that perfect conductor boundary conditions are pathological.
We look into the possibility that a finite version of a similar phenomenon might occur in the case of imperfect reflectors. For the purpose of this note, we model the material using a simple idealization: we will assume that it is perfectly reflecting up to some frequency ω c , and perfectly transparent for higher frequencies. Again, we find that net forces appear as soon as the surface of the body is sufficiently asymmetric. Estimates of the force made by identifying ω c with the plasma frequency of realistic materials indicate that in general, it would be small enough to have gone unnoticed until now, yet large enough to make it unlikely that the classical modeling of the boundary is responsible for the effect.
Due to the fact that the energy-momentum tensor near a curved conductor is mostly determined by the local surface geometry, net forces seem natural from the perspective of vacuum pressures. However, should they lead to a sustained acceleration, then the implication would be that even a vacuum associated to a single reflecting body can be unstable. Because the force is generically so small, the process would be slow enough to have consequences only on cosmological timescales. We will discuss whether the effect could lead to a violation of the second law of thermodynamics.
Throughout this note, we use units such thath = c = 1, except when we give the magnitude of a force. For simplicity, we will work in flat spacetime as far as calculations are concerned (i.e. in sections 2 and 3). The signature of the metric is (−, +, +, +).
The case of perfect conductivity
In [7, 8] , an extensive study was made of the behaviour of the vacuum stresses in the neighbourhood of a curved conducting surface, with particular emphasis on the contributions which diverge as the surface is approached. Near the surface, the renormalized energy-momentum expectation value can be expanded as
where ǫ denotes the geodesic distance from the surface, and ξ 1 , ξ 2 are coordinates of the nearest point on the surface. Suppose one assumes that theT (n) µν with n < 0 are finite and local, in the sense that they only depend on the geometry of the surface, and its derivatives, at the point where they are evaluated (henceforth, we will refer to this property as Candelas-Deutsch Locality (CDL)). From energymomentum conservation, one can derive recursion relations between the divergent terms, and together with CDL, this suffices to find a general expression for these terms. Undetermined constants can be read off by comparison with results for a sphere and a cylinder.
The work of Candelas and Deutsch is now considered to be a special case in a much more general framework. The energy-momentum expectation value can be derived from the kernel of the field equation by acting on it with a local operator. Expansions of the kernel for Laplacian-like operators in the presence of boundaries and their implementation in quantum field theory is still the subject of intensive study (see e.g. [10] and references). Kernel expansions have also been used for describing vacuum effects for more realistic interfaces than perfectly conducting boundaries [11, 12] .
Here we will mainly work with boundaries which have topology S 2 and a convex interior. In that context, CDL can easily be understood. Take such a a surface Σ, and calculate the Green function for the wave equation with boundary conditions on Σ. Consider a diffeomorphism D U of the surface limited to some coordinate patch U which preserves convexity. Then the action of D U is equivalent to a coordinate transformation on Σ restricted to U, which, in turn, implies a coordinate transformation in the region outside the boundary restricted to the stereal angle Ω U determined by U (which will be well-defined because of convexity). Therefore, the Green function G(x, x ′ ) evaluated in arguments x, x ′ which are both outside Ω U will not change.
Let us consider the implications of CDL in detail. For conformally invariant fields, it was found thatT
cannot contribute to any force, sincẽ
where n µ is the unit normal to the surface. The leading contribution comes from T (−2) µν , which is given bỹ
where the dots represent terms which are orthogonal to n µ . χ µν is the second fundamental form of the surface, defined by
where
is the intrinsic metric. χ is the trace of χ µν . The constant A in (3) is determined by the model one chooses (scalar with Dirichlet or Neumann boundary conditions, or electromagnetic field). Now choose some spacelike unit vector z µ . It is not difficult to see that the pressure calculated on a surface Σ(ǫ) surrounding the boundary Σ at distance ǫ leads to a force in the direction of z µ equal to
where h(ǫ) is the product of the non-zero eigenvalues of the intrinsic metric on Σ(ǫ). In general, this expression is non-zero. Consider e.g. the surface defined in Figure  1 ; the associated force is
It should be noted that in this example, the energy-momentum tensor will have discontinuities away from the boundary, on surfaces originating at the lines where the sphere, torus and disk are joined. This is because of the fact that although the boundary is twice-differentiable, the second derivatives have discontinuities. The derivation in the next section suggests that this is not necessarily true in a more realistic descriptions, due to the presence of extra terms which are not just determined by the local geometry of the surface. However, one can get a smoother surface than the one we defined by suitably deforming it only in narrow regions surrounding the joining lines. It will be clear from (6) that this can not make the force go away, since one can make the contribution to the integral arbitrarily small by decreasing the surface area of the regions to which the deformation is confined.
Many more examples like the one above can be found by considering boundaries consisting of parts of spheres, tori, cones, disks, and the like, pasted together in a sufficiently smooth way. The surface we consider is defined by rotating the figure around the z axis. The upper part is a half-sphere with radius r 0 + r 1 , the lower part consists of part of a torus with the smallest of the two curvature radii equal to r 1 , and the bottom is a disk with radius r 0 .
A phenomenological model
We now move to a more realistic description. We will assume that integrals over modes are truncated at some frequency ω c , i.e. we consider an idealized material which is reflecting for electromagnetic waves up to the frequency ω c , and transparent for higher frequencies. In that case, all terms in (1) will reach some maximum value at the surface. It will then be convenient to replace ǫ by another distance parameter which has some positive value at the surface, say η = ǫ + 1/ω c . We now expand the energy-momentum tensor in powers of η:
Since the T (n) µν remain finite in the limit ω c → ∞, they will have an expansion in ω c of the form
The T (n,0) µν are identical to theT n µν of (1), and therefore 'local' for n < 0, but this is not necessarily the case for the subsequent terms.
Applying energy-momentum conservation to (8) , one finds 
From (3), and using A = −1/60π 2 for electromagnetism [7] , it follows that
This allows us to estimate the magnitude of the force for typical asymmetrical bodies. Most conducting solids have a plasma wavelength λ P not much smaller than 100 nm [13] . Setting ω c = 2πc/λ P , for simple asymmetrical surfaces such as the one in Figure 1 this typically leads to forces smaller than
To obtain this number, it was assumed that r 0 = 1 m while r 1 = 1 mm. Note that at first glance it seems to follow from (7) in the context of imperfect reflectors that the force can be made arbitrarily large by making r 1 small. However, for heuristic reasons we expect our model to break down when a curvature radius becomes of the order of λ P .
Discussion
Of course, we do not claim to have proven conclusively that quantum electrodynamics leads to net vacuum forces on isolated objects. Nevertheless, although our modeling of imperfect reflectivity is idealized, it would seem unlikely that a more detailed description would destroy the effect. It is possible that our result is indicative of some flaw in the accepted description of vacuum forces. On the other hand, one should not jump to the conclusion that net forces violate any established physical principle. First, there is the point of using total vacuum energy as a potential. This approach is widely used for calculating vacuum forces, but to the best of our knowledge, there is no motivation for it beyond the heuristic one. Our derivation certainly shows that in the case of perfect conductivity, just considering total energy can be deceiving. In a relativistic theory, the energy-momentum tensor has a much more direct physical meaning, so this should not come as a surprise.
The existence of net forces does not contradict known observations. Generically, they are exceedingly small, and in addition it should be noted that naturally occuring good reflectors, such as stars, are usually fairly symmetric. Therefore, we would expect the effect to have cosmological consequences only on time scales very much larger than the current age of the Universe.
As we already pointed out, net forces would imply that even a vacuum associated to an isolated reflecting body can be unstable, in the sense that vacuum energy could be transferred to the body in the form of kinetic energy, and there would be no lower bound on the vacuum energy. Although this kind of 'vacuum decay' would be extremely slow, the reader may feel uncomfortable about the idea. However, it should be noted that boundedness of the energy of vacua is not a fundamental property of QED vacua, as the textbook example of the two-plate Casimir effect already shows (of course, this usually involves perfectly conducting boundaries, but we are stating a point of principle).
More importantly, superficially it may seem that net forces would necessarily violate momentum conservation, and thus translational invariance of the underlying theory. However, a reflecting body which is first held fixed with respect to some observer and then released would undergo a non-constant acceleration, which would lead to the emission of radiation [14, 15] . The vacuum would then get a momentum density, which would presumably compensate for the momentum the body gets. This would be an important point to check explicitly. A direct calculation in four dimensions will be difficult, but using the results for moving mirrors in 1 + 1 dimensions one can at least show quite easily that the vacuum momentum density would have the correct orientation.
Let us consider possible violations of the second law of thermodynamics. A flow of energy from the vacuum to a reflecting body, apparently without energy cost, would certainly violate the spirit, but not necessarily the letter, of the second law. Setting up and analysing a scheme analogous to the one in [2] for accelerating mirrors, where one has a heat exchange between a cold and a hot body, would certainly help in clarifying the problem. We stress that thermodynamics is always contingent upon the properties of an underlying microscopic theory. The discussion whether even simple accelerating mirrors really violate the second law is far from settled.
Our findings, and the questions they raise, show that a satisfactory understanding of the interaction between the quantum vacuum and bulk reflectors has not yet been reached.
